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The paper presents a theoretical study of the eigenmodes of a misaligned ring multi-mirror laser 
cavity one or several arms of which are filled with an inhomogeneous medium. We start with 
posing the general problem of calculation of the radiation characteristics for a ring resonator with 
arbitrary inhomogeneities of the medium and mirrors, in the paraxial approximation. Then the 
general relations are specified for the lens-like resonator model in which the real and imaginary 
parts of the refractive index, as well as the phase and amplitude corrections performed by the 
mirrors, quadratically depend on the transverse coordinates. Explicit expressions are obtained for 
the eigen frequency and spatial characteristics of the radiation via the coefficients of the Hermite-
Gaussian functions describing the complex amplitude distributions at the mirrors. The main results 
are formulated in terms of linear relations between positions of the resonator mode axis at the 
mirrors and the misalignment parameters (small shifts and tilts of the mirrors). 
The explicit results display the coefficients of the above linear relations. They are calculated for 
the 3-mirror cavity with using a specially developed approach employing peculiar conditions to the 
coefficients’ form that follow from very general considerations of two groups: 
1) Independence of the resulting frequency shifts on the sequence in which the misalignments 
are made (this is the base of the “energy method” for the resonator analysis, which is essentially 
generalized and improved); 
2) Geometrical symmetry of the resonator. 
The results of calculations can be used to control the radiation characteristics in relation to the 
resonator misalignments, in particular, to analyze the output radiation stability and sensitivity to the 
changes in the cavity configuration. 
 
This report in Russian had been placed in the local technical depositary in 1985 but had not 
been published. However, as later discussions have shown, some its aspects can be of current 
interest, e.g. the enhancement and elaboration of the energy method (Opt. Spectrosc. (USSR) 58(5), 
1985, pp. 707-709).  
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1. Numerous applications of ring lasers require high stability of their radiation [1], which makes 
it very actual to study how sensitive are their characteristics to diverse perturbations. Among the 
most important perturbations, practically always present in real situations, are misalignments of the 
optical structure of the laser cavity (resonator), and many research works deal with the analysis of 
their influence on laser performance (see, e.g., [2]). This problem is considered rather completely 
for the case of an “empty” resonator; but in many practical situations, it is necessary to account for 
the longitudinal and transverse resonator inhomogeneity. It is usually caused by the non-uniform 
distribution of the refraction index and/or amplification coefficient (gain) within the active medium 
(including the losses as negative gain) as well as by the important circumstance that the active 
medium, as a rule, occupies only a part of the resonator perimeter. 
It is a difficult task to describe the resonator inhomogeneity in the general form, and usually the 
study is limited to the case of lens-like cavity filling [2] where the complex wavenumber k of the 
monochromatic radiation depends on the transverse coordinate x according to the law 
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This model was fruitfully used for the analysis of ring resonators with a transversely 
inhomogeneous medium arbitrarily situated inside the resonator [3–8] and for the calculation of 
resonators containing internal diaphragms [9–12], both with ideal alignment and in presence of 
misalignments [13–16]. Most of the published works concern the three-mirror resonator whose 
structure frequently occurs in practice. 
However, the works mentioned deal with the case of a weakly-inhomogeneous medium where 
the condition is satisfied 
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where L is the length of the inhomogeneous active medium. But, in agreement with available 
experimental data and theoretical estimates [17,18], this condition is often violated even in gas-
discharge active elements with small amplification (gain). Therefore, in the present work, we study 
the characteristics of misaligned ring resonators with arbitrary lens-like inhomogeneous medium.  
Under such conditions, many visual intuitively clear notions, usually employed to build the 
models describing the radiation of a misaligned resonator, lose their validity (in particular, in the 
medium with inhomogeneous amplification one cannot preserve the usual physical meaning of the 
conception of “ray” [19]). As a result, we need a formalized approach free from familiar intuitive 
inferences. To this purpose, in Section 2 we present the standard formulation of the problem for 
calculation of the radiation characteristics in a ring resonator with arbitrary inhomogeneities of the 
mirrors and the medium. In Sec. 3, the obtained general relations are specified for the lens-like 
resonator model, and the expressions are derived for the main frequency and spatial characteristics 
of the radiation via coefficients of the Hermite-Gaussian functions that describe the complex 
amplitude distribution at the mirrors. The basic result of this Section is the general form of relations 
between the quantities characterizing the position beam axis with respect to the axial contour of the 
unperturbed resonator, and the misalignment parameters. 
Explicit expressions for the coefficients of these relations are calculated in Sec. 4. Rather bulky 
calculations can be essentially facilitated due to restrictions for the coefficients’ forms that follow 
from the independence of the resulting shift of the resonator eigenfrequency of the consecutive 
order in which the mirrors’ misalignments are performed (Appendix 1), and from the geometric 
symmetry of the resonator (Appendix 3). Details of the specific calculations are exposed in 
Appendix 4. 
The results of calculation permit to derive some conclusions on the stability of certain resonator 
configurations with respect to misalignments and to discuss possible applications of the revealed 
dependence between the radiation characteristics and the medium inhomogeneity (Sec. 5). 
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2. Let us consider a plane ring resonator whose axial contour, in the perfectly aligned state, lies 
within a single plane. The resonator contains arbitrary number of mirrors and arms filled with an 
inhomogeneous medium. In each arm, we introduce the coordinate frame Xj, Yj, Zj so that axis Zj 
coincides with the local position of the unperturbed axial contour, and axis Xj belongs to the axial 
contour plane and is directed outside (Fig. 1). For the wave running along the axes Zj the electric 
and magnetic field strengths in the j-th-arm frame can be represented in the form 
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(e3j, eTj are the unit vectors of the longitudinal and transverse directions), where the possible 
longitudinal variations of the wavenumber is taken into account,    0 0j cn z k z j
jz
 is the refraction 
index on the j-th arm axis, c is the light velocity in vacuum,  is the radiation frequency, 
      0jzj jz k z d  
and functions ,  , ,j j j ju x y z  , ,j j j jx y zv  are determined by the quasioptic equations [18,20,21] 
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The spatial inhomogeneity of the wavenumber is represented in the form 
       0, , 1 , ,j j j j j j jk x y z k z V x y z    . 
Functions uj in adjacent arms are related by the boundary conditions that describe the beam 
complex amplitude transformation upon reflection at a mirror of arbitrary shape. In the zero-order 
paraxial approximation [20], the results of Ref. [22] allow us to represent the boundary conditions 
in the form 
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where the subscripts  and O denote the incident and reflected beams,  is the angle of incidence 
of the beam axis onto the -th mirror in the perfectly aligned resonator,  is the reflection 
coefficient whose coordinate dependence allows for the spatial inhomogeneity and finite sizes of 
the mirrors. The subscript  denotes that the corresponding quantity characterizes the -th mirror or 
a function of the longitudinal coordinate near the -th mirror whose shape in the XYZ frame (Fig. 1) 
is described by equation 
     ,z x y z x      , y  (5) 
Conditions of the form (4) can be written for every mirror so the number of such conditions 
equals to the number of arms the resonator contains. Therefore, the system of equations (2) and (4) 
is closed and permits to find the field distribution in any cross section of the resonator within a 
constant multiplier. This multiplier can be further determined with account for the non-linear 
properties of the resonator medium which in this model are ignored. 
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Fig. 1. The coordinate frames associated with the interrelated beams near a mirror. Axes Z, ZO, 
ZC coincide with the nominal axes of the incident, reflected and output beams, axis Z is the nominal 
normal to the mirror in the nominal point of incidence; axes Y and Y, YO, YC all coincide and are 
directed towards the observer, their traces merge in the point Y. 
 
Since the longitudinal components of the fields (1) do not enter the boundary conditions (4), 
they will not occur in further calculations. Nevertheless, expressions (1) and (3) are used for 
deriving the auxiliary relations in Appendix 1. Now, combining the relations (4) for various mirrors, 
we obtain the amplitude – phase balance condition  
     O0
cos sin , ,0
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where 
   0k z dz   . (7) 
The quantity  determines the eigen frequency  and the generation threshold 0k  via the 
relations  
    0
Rec
n z dz
   , (8) 
     0 Imk z dz   . (9) 
In further presentation, it will be suitable to express   via the addition to the value, which this 
quantity possesses in the empty resonator with the same unperturbed axial contour but composed of 
plane mirrors: 
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By using the results of Ref. [22] one may, knowing the values of uj inside the resonator, 
determine the spatial distribution of the outgoing beams’ amplitude and phase immediately after the 
mirrors, which permits us to find the characteristics of the output radiation and thus to solve 
completely the problem of the resonator analysis. Note that in the linear approximation, to which 
the present consideration is restricted, counter-propagating waves of the ring resonator are 
independent. Therefore, the whole above consideration is equally correct for the wave running 
along the negative Zj direction provided that everywhere the signs before k0 and n0 are inverted. 
Then, the “backward” wave is described in the same frame that was introduced for the “forward” 
one; the positive direction of the resonator round-trip remains also the same, i.e. the subscript  is 
already associated with the reflected beam and O – with the incident beam. 
 
3. Now we apply the above relations to the analysis of a misaligned ring resonator. In the lens-
like model with separable variables in Eqs. (4) and (5) we should assume  
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where R  is the radius of curvature of the -th mirror, and parameters x , y ,  x ,  y  
characterize the misalignment. The medium inhomogeneity is given by the function 
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The choice of V in the form (12) means that axis Zj in the arm containing the active medium is 
strictly “fastened” to the medium, and the case of the medium misalignment should be considered 
by introducing the equivalent mirror misalignment. This is always possible if the inhomogeneous 
medium is present only in a single arm of the resonator. If the resonator contains segments filled 
with inhomogeneous media whose mutual orientation can alter, one must include into (12) 
additional terms, linear in xj and yi, to describe the medium misalignment. In such a case, the 
resonator analysis can be performed by the same procedure and practically with no additional 
complications (an analogous problem for the quantum oscillator is considered in [23]). 
The wave beam propagating in positive direction of axis Zj in the j-th arm inside the resonator is 
described by Eqs. (1) in which. according to (12) and (2) 
       , , , ,jmm j j j jm j j jm j ju x y z u x z u y z  ; 
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where m, m' are the mode indices, Hm is the Hermite polynomial. A similar expression takes place 
for the wave running in the opposite direction. 
In each arm of the resonator, the coefficients entering expression (13) obey the equations 
[24,25] 
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Boundary conditions relating the parameters of the incident and reflected beams at the -th mirror 
are obtained via the substitution of (13) into (4), and take on the forms (here      R        , 
,x y  ) 
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For the wave propagating in the opposite direction, the boundary conditions follow from (20) – (24) 
after the sign reversal before k0, according to what was said in Sec. 2. Formulae (20) – (24) can be 
also obtained as immediate consequence of the results of Ref. [22]. 
Solution of the set of equations (14) – (19) with account for the tailoring conditions (20) – (24) 
supplies the coefficients of expressions (13) for the eigen beams of the resonator. Note that 
equations for the coefficients characterizing the counter-propagating waves are separable, which 
confirms that in the lens-like approximation the forward and backward waves are not connected. 
However, since p and  for the counter-propagating beams are determined, as could be easily 
verified, by the identical equations and boundary conditions, these quantities for both waves 
coincide. 
One can easily see that quantities a, p are fully determined by the unperturbed resonator 
configuration whereas t and  are conditioned exclusively by the misalignment and for 0z   , 
0t   . Like in case of a linear (two-mirror) resonator [24], all the misalignment-depending 
parameters are determined by the quantity , and that is why the misalignment influence on both 
counter-propagating waves can be studied by considering only one of them, e.g. that is described by 
Eq. (13). 
Beams in the ring resonator obey general regularities inherent in Hermite-Gaussian beams of a 
resonator with complex lens-likeness [24]. Some corrections in the calculation formulae follow 
from the different geometry. The most important of them are related to the beam transformation 
upon its exit from the resonator through a semitransparent mirror. Corresponding formulae similar 
to (20) – (24) are derived in Ref. [22]. Here we present the relationships describing transformation 
of the quantity  and its derivative with respect to z (subscript C denotes the medium and beam 
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parameters immediately behind the mirror outside the resonator, parameters of the output beam 
correspond to its representation in the form (13) with j = C in the coordinate frame XC YC ZC, see 
Fig. 1): 
  
   
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C
, (26) 
  0 0Ccos cosk k       . 
Equations for determining the parameters of the output beam formed by the wave propagating 
in the opposite direction can be obtained from (25) by replacements O   , , Oz z 
      and C C      with simultaneous sign reversal before k0. The parameters of the 
output beam describe it in the frame C C CX Y Z  

 (Fig. 1) where it propagates in the negative 
direction of axis ZC' . 
As is known, the fundamental-mode-beam axis experiences refraction upon exit from the 
resonator that does not obey the Snell’s law [24]. It can be described by relations (25) and (26) 
provided that there are made substitutions  

C C0
 
0
   ,   
      
 
C CC C0
C C 0C C
Im
Re
t ad d
dz dz k a
 

    ,   
      
 0
0
Im
Re
t ad d
dz dz k a
 


    
  
   (27)   ,   
where  stands for x, y, 0C and 0 are the transverse coordinates of the incident and outgoing 
Gaussian beams’ axes immediately after and before the mirror in the coordinate frames XC YC ZC 
and X Y Z , correspondingly. Note that when the amplification or loss inhomogeneity is absent 
(Imk2 = 0),  0
    and  C0 C  , i.e. the quantity  directly represents the position of the beam 
axis. 
Except the specific forms of the boundary conditions, the problems of calculation of the beam 
characteristics in planes XZ and YZ are absolutely identical. Therefore, further we will consider only 
the constituents depending on x, and suppose that all the misalignment components lie in plane XZ; 
accordingly, the superscript (x) will be omitted. 
The linear character of Eqs. (15), (17) dictates the linear correspondence between the output 
beams’ characteristics and the misalignment parameters. The most important expressions of this 
correspondence are the formulae for the values of  and (d/dz) at the mirrors which are analogues 
of the known results for the linear resonator [24–26] 
   a c z    

    , (28) 
  d a c zdz    
 

        , (29) 
   O b d z    

   , (30 
  O
O
d b d z
dz    
          (31) 
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where a , b , c , d  and a , b , c , d  are the elements of certain square matrices 
   a a ,    b b , etc., with dimension equal to the number of mirrors (importantly: matrix 
elements a  and a  of (28), (29) (always with double numerical subscripts) should not be 
confused with the beam parameters , ja
 xa  , etc. of (13) – (21), (27)). We emphasize that the 
matrices , , a   c a
 
,  describe the behavior of the beam propagating in the positive 
direction while  , , , 
 c
bb d d   describe the beam propagating in the negative direction of the 
resonator round-trip. 
For calculation of the frequency characteristics one should find the correction (10). In the two-
dimensional case, for the beam (13), by using the amplitude-phase balance condition (6) and the 
boundary conditions (20), (21), we find 
     2 20 O12 cos sin2gi i k z z a a                   
   O sin j
j
t t z f   

      (32) 
where  
  
2
2
x
x
R

  

     
and jf  is the increment of the quantity jf  on the length of the j-th arm that, in agreement to (19), 
equals to 
     
2
0 0
1 1
2 2
j j j
j j
j j
a dz t
jf p di ik z k z
        z . 
Now we can divide expression (32) into two parts one of which, 
     1 02j jjj j
a d
p
k z
     
z
 
does not depend on the misalignment. Consider the second part. With taking into account the 
equality  
       
2
2
0
0
1 1
2 22
j j
j j j j
j jj
t dd i da k z
i dz dzk z jdz
         
 
as well as relations (16) and (21) – (23), it can be written in the form 
   2 202 sin2 cos 2 coscos
z
k z
R
 
    
  
 
        
  tan sin
z d z
R dz
 
    
 
      

        
. (33)  
With employment of (28) and (29), this second part can be represented as a linear-quadratic 
form 
   0 02
,
2 cos sin
cos
a
k z k a k c z
R

0         
    
   
                 
    
  0
tan
sin
cos
c
k c z z k
R R
 
         
  

0 a 
           
  , (34) 
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  is the Kronecker symbol. 
During calculation of  for the backward wave, one would start from the relation similar to 
(6) in which the sign of the exponent is reverted in both parts. Accordingly, the result for ()2 of 
the backward wave coincides with (33). Therefore, knowledge of the matrices (28), (29) permits to 
completely describe the influence of misalignments on the radiation frequency characteristics. The 
equations (33) and (34) relate the sensitivity of the resonator eigen frequencies to misalignments 
with the behavior of the beams’ spatial characteristics. 
The results of this section demonstrate that the misalignment does not cause the frequency non-
reciprocity of the counter-propagating waves. This is because our boundary conditions (4) are valid 
in the zero paraxial order. Known calculations leading to the contrary conclusion [14,16] are based 
on the boundary conditions of the type (4) which include some terms of higher paraxial orders 
[20,21] due to which, in Eqs. (20), an additional misalignment-induced term appears. Letting aside 
the detailed discussion of the mentioned calculations, we note that the consistent allowance for such 
terms would require to consider the longitudinal field components, to take into account the non-
Gaussian form of the incident and reflected beams, forbid separation of the transverse variables, and 
would make the whole procedure of the resonator analysis much more complicated [22].  
 
4. Now we employ the developed general scheme for calculation of misalignment 
characteristics of a set of three-mirror ring resonators with lens-like active medium. Our task is to 
determine the matrix elements (28) – (31) whose knowledge, in agreement with (34), permits to 
find the eigen frequency of the misaligned resonator, and in case of a “pure” refraction 
inhomogeneity (zero imaginary part of k2), also the behavior of the output beams’ axes (via (25) and 
(26)). 
Let us consider the resonator formed by one spherical (radius of curvature R) and two plane 
mirrors placed in the vertices of an equilateral triangle with the side length l (Fig. 2b). Let k0 = const 
along the whole resonator perimeter. Then the boundary conditions (22), (23), with account for the 
equalities sin 0.5  , cos 3 2  , will read 
  O , 1,2,z   3      ; 
  O 1 1
O 11
4 2
3 3
d d
dz dz R R
    

            
12z ; (35) 
  O
O
2 , 2,3d d
dz dz 
   

           
. 
 
 (a)  (b) 
 
Fig. 2. (a) Symmetry elements of the equilateral triangle; (b) the three-mirror resonator geometry. 
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The calculations are simplified by the use of equations (A6) from Appendix 1 which in the 
present case give 
  a a  ; (36) 
   
11
11 21 31
12
12 22 32
13
13 23 33
22
3
1 2 2
2 3
2 2
3
aa a
R
ac a a a
R
aa a
R
 a
a
                

       
 (37) 
(due to which the elements c  can be found once a  and a  are known); 
  1212 21
2
3
cc c
R
   ,   1313 31 2 3
cc c
R
   ,   23 32c c  . (38) 
Similar relation connect the corresponding elements of the matrices (b), (b'), (d) and (d') and 
can be obtained from (36) – (38) upon replacements a b    a b,     , c d   , 
c d     . Besides, the boundary conditions (35) yield 
  a b    d c,           (,  = 1,  2,  3);  (39) 
  d c    ,   2a b         ( = 2, 3;   = 1,  2,  3); (40) 
  
1
1 1 1
1
1 1 1
4 2 ,
3 3 1, 2, 3.
4 2 ,
3
cd c
R R
ab a
R

  

  



           
 (41) 
Equations (36) – (38) reduce the number of independently determined quantities characterizing 
the forward beam (propagating in the positive direction) from 36 to 21, and Eqs. (39) – (41) give 
way to application of these quantities for the calculation of matrices describing the backward beam. 
Therefore, the number of independently determined parameters reduces more than three times. 
Further simplifications are possible only upon consideration of specific configurations of the filled 
resonator. In particular, the explicit allowance for the symmetry requirements is rather 
advantageous (see Appendix 3). 
The corresponding calculations described in Appendix 4 supply the following explicit 
expressions for the matrices (28) – (31). 
 
(a) Empty resonator (all three arms are filled with a homogeneous medium). 
  ,    
11 12 12
12 22 23
12 23 22
a a a
a a a a
a a a
      
   b a  ; 
   
11 12 12
11 12 12
11 12 12
2
2
a a a
a a a a
a a a
               
,    
11 12 12
11 12 12
11 12 12
2
2
a a a
b a a a
a a a
               
; 
   
11 11
12 12
12 12
1
1 1
2
1 2
a a
c a
a a
a
           
,    
11 11
12 12
12 12
1
1 1 2
2
1
a a
d a
a a
a
           
; 
 10
    11
0 1 1
0 1 1
3
0 1 1
ac
R
         
,     11
0 1 1
0 1 1
3
0 1 1
ad
R
         
. 
Here the elements of matrices (a) and (a') are related by equations 
  1111
21
3
aa
R
   ,   1212 21 3
aa
R
     
and there are only four independent elements, and they equal to 
  11
0
3la
D
  ,   12
0
la
D
 ,   22
0
83
3
l la
D R
      ,   23 0
41
3
l la
D R
      
where 
  0
62
3
lD
R
   . (42) 
 
(b) Resonator with the lens-like active arm placed between the mirrors 2 and 3 (Fig. 2b); there is 
a plane of symmetry (the triangle attitude).  
  ,    
11 12 12
12 22 23
12 23 22
a a a
a a a a
a a a
      
   b a  ; 
  ,     
11 12 13
11 13 12
11 12 132
a a a
a a a a
a a a
               
11 13 12
11 13 12
11 12 13
2
a a a
b a a a
a a a
           

   
; 
where 1111
21
3
aa
R
   ,   1213 12 21 3
aa a
R
    ; 
   
12 12
21 22 23
21 23 22
1
2
1
c c
c c c c
c c c
          
,    
12 12
21 22 23
21 23 22
1
2
1
c c
d c c c
c c c
          
 
where 1112 2
ac
  ,  1322 1 2
ac
  , 1223 2
ac
 , 12 1221 2 3
a ac
R
   ; 
  ,     
11 12 13
11 13 12
11 12 13
c c c
c c c c
c c c
                

11 13 12
11 13 12
11 12 13
c c c
d c c c
c c c
               
 
where  1112 11 3
ac c
R
    ,  1113 11 3
ac c
R
    . 
Only six quantities should be determined independently. If the active medium is longitudinally 
homogeneous (k2(z) = const), it can be characterized by the parameter 2 0k k   [24], and these 
six quantities are 
 11
sin 2cos sin
c
l la l l l
D l
   
       ,   12
sin1 cos
c
l la l
D l
 
       , 
 11
 22
sin 4 sin2cos cos
3c
l l l l
l
a l l
D l R
   
         
,   23
sin 42
3c
l l la
D l R


       , 
 12
1 41 cos
3c
la l
D R
       ,   11
1 1 cos sin sin
23c
l l lc l
D R
             
where 
  2 sin1 cos sin sin 2cos
3c
l lD l l l l l
lR
 l     
       
 . (43) 
 
(c) Resonator with the lens-like arm between the spherical mirror and the plane mirror 2 (Fig. 
2b), possessing no geometrical symmetry. 
  ,    
11 12 13
12 22 23
13 23 33
a a a
a a a a
a a a
      
   b a  ; 
  ,    
11 12 33
11 12 33
11 12 33
2
2
a a a
a a a a
a a a
               
 
11 12 13
11 12 33
11 12 332
b b b
b a a a
a a a
              
 
where 1111 11
42
3
ab a
R
    ,  1212 12 4 3
ab a
R
    ,  1313 33 42 3
ab a
R
    ; 
  ,     
11 12 12
21 22 22
31 32 321
c c c
c c c c
c c c
      
 
11 12 12
21 22 22
31 32 32
1
1
c c c
d c c c
c c c
         
where  
  11 1111 1 2 3
a ac
R
   ,  1112 2
ac
  ,  12 1221 2 3
a ac
R
   ,  1222 2
ac
  ,  
  33 1331 1 2 3
a ac
R
    ,  3332 2
ac
 ; 
  ,     
11 12 12
11 12 12
11 12 12
c c c
c c c c
c c c
              
11 12 12
11 12 12
11 12 12
d d d
d c c c
c c c
              
 
where 1112 11 3
ac c
R
   ,  1112 11 3
ad c
R
    . 
Here the eleven matrix elements are independent: 
11
sin2cos
n
l la l
D l
 
      ,  12
sin2
n
l la
D l


     ,  13
sincos 1
n
l la l
D l
 
      , 
23
sin 4sin1 cos
3n
l l la l
D l R
   
       
,  22
sin 8sin2cos
3n
l la l
D l R
l   
      
, 
33
sin 4 sin2cos sin cos
3n
l l la l l l l
D l R
     
           
l
l
, 
 11 1 1 cos
n
a l
D
    ,  12 1 4s1 cos 3n
la l
D R
in 
      
, 
 12
33
1 4sin 1 cos
3n
l la l l l
D R
sin          , 
11
1 1 cos sin
23n
lc l
D R
         ,  11
1 2 sin 1 cos sin
23n
l l ld l
D R
            
where 
  2 ssin 1 cos 2cos
3n
lD l l l l
lR
in l    
     
 . (44) 
 
5. Results of Sec. 4 immediately characterize the sensitivity of the output beams’ axes to the 
resonator misalignments. They enable to calculate the axial contour perturbation for arbitrary mirror 
displacements and any ideal configuration satisfying the conditions accepted (Fig. 2b), except such 
combinations of R, l and  for which the quantities D0, Dc and Dn of Eqs. (42) – (44) vanish. These 
configurations correspond to zero axial contour robustness and are unstable with respect to 
misalignments. In view of the practical importance of knowing such configurations, in Fig. 3 the 
curves are shown that represent the geometric loci of points with zero axial contour stability for the 
three-mirror resonators with symmetric and asymmetric positions of the active medium (cases (b) 
and (c) of the previous section), in coordinates R/l and  22k l . The range of 2k  values embraces 
the most physically available inhomogeneities of the refraction index. 
For the symmetric resonator (case (b) of Sec. 4) instability occurs at the following set of 
conditions: 
  
cot , arbitrary;
2
2 11 tan
23
ll R
.R l
l l




   
  (45) 
The first condition is realized at l = 1.307, and in Fig. 3 the corresponding curve is the vertical 
straight line. Note that fulfillment of conditions (45) does not mean that all the matrix elements tend 
to infinity. Sometimes a sort of relative stability is observed: for example, at first condition (45) the 
beam is stable with respect to tilts of the spherical mirror but unstable with respect to all other kinds 
of misalignment. This phenomenon has no analogue in case of linear resonators where under 
conditions of zero axial contour robustness arbitrarily small misalignments lead to the infinite 
displacements of the beams’ axes [21]. 
The instability condition for the asymmetric resonator (case (c) of Sec. 4) takes the form 
  
sin 2cos
2
1 cos sin3
l l
R l
l l l l
 
  

   . (46) 
It is “absolute” in the meaning that fulfillment of (46) makes singular all the matrix elements (28) – 
(31). 
For illustration of the matrix elements dependence on the “optical strength” 2k  of the lens-like 
medium, in Fig. 4 the curves for 33a  are presented. In general, their dependence is similar to what 
was found for linear resonators [26] although discrepancies are seen in some details. 
First of all notice that the discontinuities corresponding to zero robustness of the axial contour 
occur at k2 > 0 (rather than at k2 < 0 as take place for linear resonators); at k2 < 0, on the contrary, 
the absolute stability to misalignments is observed: for the condition R = 3.46l accepted in Fig. 4, in 
both cases, with growing |k2|,  continuously approaches the asymptotic values 1 and 2 without 
any singularity. 
33a
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Fig. 3. Curves of zero axial contour robustness for three-mirror resonators with different active 
element positions (cf. Fig. 2): (1) between the mirrors 2 and 3, (2) between the mirrors 3 and 1. 
 
 
Fig. 4. Dependence of  on the lens-like 
medium strength 
33a
2k  for three-mirror 
resonators with active element situated (1) 
between the mirrors 2 and 3 and (2) between 
the mirrors 3 and 1. 
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Noteworthy, the longitudinal distribution of the inhomogeneity, by which, in essence, the two 
considered cases differ, substantially influences on the output beam parameters, in contrast to the 
linear resonator where the mean inhomogeneity averaged over the resonator length is of the main 
importance [25]. Additionally, here is no strict connection between the direction of the output beam, 
exiting through a plane mirror, and the tilt of this mirror, which is a characteristic property of the 
linear resonators with transversely inhomogeneous refraction index distribution [26]. This enables, 
by means of the choice of parameters R/l and l, to perform regulation of almost every matrix 
element (except c11 = d11 = 1/2 in the symmetric case (b)). This suggests that ring resonators 
provide additional possibilities for the output beam control [26]. Generally speaking, even the 
simplest three-mirror resonator opens so many possibilities that their detailed analysis would only 
be expedient based on the limitations imposed by specific experimental conditions or by practical 
requirements. In this view, the results presented here can be considered as a basis for further such 
analysis.  
In conclusion we add that, with allowance for (34), the above results supply possible means for 
increasing stability of the frequency characteristics by the way of proper choice of the geometric 
configuration and of the transverse medium inhomogeneity. Also, new approaches for the 
generation frequency control by means of changing the radiation spatial characteristics, and vice 
versa, employment of the frequency characteristics in order to control the spatial beam parameters, 
can be developed. 
 
Appendix 1. Energy method for the ring resonator calculation 
The energy method is grounded on the adiabatic invariance of the ratio between the mode 
energy of a conservative resonator and its eigen frequency. For linear resonators, it permits to 
derive, in a rather general form, some properties of the quantities analogous to the matrices (28) – 
(31) [21,27]. Knowledge of these properties greatly facilitates the resonator analysis; but in case of 
ring resonators, because of much more bulky calculations, the energy method can be especially 
useful. 
The method is based on the fact that any resonator misalignment performs certain mechanical 
work on the electromagnetic field concluded in the resonator, and therefore changes its energy. 
According to expression (2) of Ref. [27], the energy obtained by a resonator mode when its mirrors 
experience deformations  , x y  equals to 
       3
0
cos , , , ,
S
cW x y G x y x y dxdy
n
 
   
 

         (A1) 
(all the quantities are written in the coordinate frame of the -th mirror, cf. Fig. 2b). Here  3G   is 
the z-component of the electromagnetic momentum change upon reflection at the -th mirror; 
expression (A1) contains integrals over the mirror surfaces S as well as functional integrals over 
their deformations. The electromagnetic field representation in the form (1), (3) with condition (4) 
for  = 1 (requirement of ideal reflection is important for the conservative resonator assumption 
but the final results are largely independent of this assumption) gives 
   2 20 O* *O3
0 O
2cos sin c.c.
2 2
n uiG u u u
k x x
 
    

 

 

              
u    (A2) 
Consider the misalignments of spherical mirrors of the resonator. In agreement with (11) and (5), 
   x dz x d d          (A3) 
and u, uO are determined by expressions similar to (13). Transforming (A2) with allowance for 
(20) – (24) and keeping the terms quadratic in misalignments, we arrive at 
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  2 20 cos cos cosncW u dxdy dz d u x dxdy d     

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                  
where the functional integration has been reduced to the integration over the misalignment 
parameters z ,   and  . 
Now, performing the integration over the mirror surfaces and taking into account that 
cos sinx x z       we obtain 
 2 0 sincos sin cosA c dW k dz d dzdz R          
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

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    
  (A4) 
where 2A u dx dy    . Further, with the help of (28) and (29), Eq. (A4) can be reduced to the 
form 
 2 0 cosA cW k dz d   
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sink c z d k a        
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0 d            . (A5) 
Since W is the function of the resonator configuration, and does not depend on the consecutive 
order in which the misalignment is performed, the whole integrand in (A5) is a complete 
differential. Consequently, if it contains a pair of terms in the form, for example, Pdz Qdz  , the 
condition 
  P Q
z z 
    
should take place. This is quite similar to the operations with complete differential in classical 
thermodynamics [28]. In the integrand of (A5), the independent “state variables” are  , z and  , 
and the problem is facilitated by the fact that corresponding multipliers (analogs of P and Q in the 
above expression) are linear functions of the state variables (the energy change W is a quadratic 
function of the misalignment components). So the derivatives can be easily extracted from the form 
of (A5), and by combining all pairs of variables we arrive at 
   0 0sin sin cosv ak c k a R           
         
, 
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c c
k c k c
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   
 
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               
, (A6) 
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  0 0k a k a    . 
As it was in Ref. [27], analytical character of the dependence of the matrix elements (28), (29) 
on the misalignment parameters permits to apply the results (A6) to resonators with inhomogeneous 
gain or loss. Again, as was expected, the results (A6) do not depend on the assumption of ideal 
reflection. 
Similar relations for matrices (30), (31) can be derived from (A6) by replacements a b , 
, , 
 
a b  c d c d   . Together with (A6) these substantially facilitate the calculations of the 
matrix elements for particular resonators. 
Finally, we perform the integration of (A4) over the misalignment parameters with allowance 
for the linear dependence of   and d dz   on z  and  . Also, with the help of (1) and (13) we 
can determine the electromagnetic field energy, and following to Ref. [27] we will obtain 
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   
         
  
 2sinsin
cos
d z z
dz R

     
 
    

 

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 (A7) 
where  is determined by equality (33). The fact that (A7) coincides with the result obtained 
in the usual way confirms the energy method validity for ring resonators. 
 2
Appendix 2. Energy method generalization for a two-mirror resonator with lens-like 
deformation of the mirrors 
The energy-based reasoning similar to that described in Appendix 1 can be applied to more 
general resonator deformations provided that these do not destroy the Hermite-Gaussian eigenmode 
form (13). No avoid unnecessary complications, let us briefly illustrate this with the simplified 
example of a two-mirror (linear) resonator for which  = 1, 2 and  = 0 (see Fig. 5). In such a 
resonator, ,x x x    and the axes of the incident and reflected beams, as well as the nominal 
axes of the mirrors geometrically coincide and differ only by the direction. We choose the 
coordinate frame so that the laboratory axis Z coincides with the nominal axis of the beam incident 
onto the right mirror 2, 2Z  (see Fig. 5). In this case the small longitudinal misalignments z do not 
affect the axial contour and their influence can be perfectly described via the change of the 
resonator length so we also take 0z  . However, now we admit the mirrors’ deformations 
preserving the lens-like nature of the cavity so that, instead of (A3), 
    2 1
2
xx d x d
R
d 

          
. (A8) 
We consider the fundamental mode for which, according to (13) and (16) – (19), 
       2 2 Re exp Reu x u x a a x       2        (A9) 
where    Re Re Rea a z a z   
 
 , pre-exponent factor warrants that the beam energy 
2
u x dx   is conserved even if the mode size changes upon the mirror deformation (A8) and, 
as we are restricted to the xz-plane, the superscripts “(x)” are omitted. Then Eq. (A1) is transformed 
with account for (A8) and (A9), and the corresponding equivalent of (A4) can be found in the form 
    2 2 20
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1 1 1 1 1
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A cW k d d
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   
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d      
                              . (A10) 
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Fig. 5. Longitudinal (XZ) section of the two-mirror resonator (cf. Fig. 1). The mirrors with 
radii of curvature R1 and R2, are misaligned so that 1 > 0, 2 > 0, x1 < 0, x2 > 0 (cf. Eq. (11)).  
 
In this expression, the functional integration of (A1) is reduced to integration over the 
parameters 1 R ,   and  . Like in (A4), the integrand of (A10) is a complete differential; 
together with the condition that Rea  does not depend on the misalignments   and  , this leads 
to relations  
         0 1 0 22 1 1
1
1 Re 1 Re
k z k z
2
1
R a R
         a

 (A11) 
     10 1 0 2
2 1
k z k z 2  
     (A12) 
         0 011k z k zR     
  
       (,  = 1, 2) (A13) 
For example, (A11) gives the differential relationship between the near-mirror beam sizes and 
the mirrors’ curvatures: 
     2 10 1 1 2 0 2 2 1
2 1
bk z b R k z b R2 2b
R R
    (A14) 
where   1 2Reb a    is the Gaussian-mode beam radius at the mirror . One can easily persuade 
that (A14) agrees with the known expressions for the beam parameters in lens-like resonators (see, 
e.g., [24,30]).  
Further, if we express the dependence  1 2,    via a finite power series (polynomial), we 
easily find that  1 2,    should be a linear homogeneous function (otherwise, the right-hand 
sides of Eqs. (23) contain higher powers of 1, 2   than the left-hand side, and Eqs. (23) cannot be 
satisfied). Of course, this property immediately follows from Eqs. (28), (30) applied to a two-mirror 
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resonator but now it is obtained with no explicit involvement of the boundary conditions. 
Representing this function in the matrix form 
  1 11 12 1
2 21 22 2
a a
a a
 
 
             
 
and substituting this into Eqs. (A12) and (A13), one readily obtains the general expressions for the 
matrix elements: 
  2
11 1 2
1 1 R
a R R
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 
  ,   
1
22 2 1
1 1 R
a R R
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 
  , 
    0 112 0 2 21 1 2 1 2
1 1k z
a k z a R R R
       
R
 (A15) 
where the integration constants , ,  and   obey the equation    
    0 10 2
k z
k z
    .  (A16) 
The parameters , ,  and   cannot be found from the “Maxwell relations” (A11) – (A13) and 
are determined by the special form of the lens-like optical system inside the resonator. However, 
even the results (A15) are useful and rather appealing. In fact, the integration constants are the 
elements of the ray transfer matrix [30] for the ray travelling between the mirror 1 and mirror 2 (its 
determinant differs from zero because of the longitudinal inhomogeneity of the axial refractive 
index). This result proves an important fact: if a resonator with spherical mirrors possesses an 
eigenmode with Gaussian intensity distribution, and upon a small misalignment the spot pattern of 
this mode does not change the shape but just displaces “as a whole” across the mirror surface, the 
optical system inside the resonator is lens-like. 
  
For the same reason as was specified beneath (A6), formulas (A10) – (A13) and (A15), (A16) 
of this Appendix are applicable for complex  in spite of the assumption that the resonator is 
conservative. Therefore, the interrelations between the parameters characterizing the resonator 
sensitivities to various sorts of deformations, (A11) – (A13), can be used for analysis of resonators 
with complex lens-like inhomogeneity [24]. 
Appendix 3. Symmetry effects in multi-mirror resonators 
Calculations of multi-mirror resonators differ from the analysis of linear resonators by 
substantially larger massive of computations. It can be essentially reduced if the resonator 
configuration possesses symmetry, i.e. if the resonator transforms into itself upon certain mappings 
of the space. To this end, we consider some elementary consequences of the symmetry 
transformations for plane ring resonators. 
There are two possible types of geometric transformations of such resonators: rotations about a 
certain point and reflections with respect to certain planes (symmetry axes). Since upon any 
reflection, the direction of a wave, propagating along the resonator, reverses, every reflection, even 
if it preserves the resonator configuration, actually generates a new object that differs from the 
initial one by the round-trip direction. To avoid the difficulties connected with this sort of 
symmetry, we consider the two “copies” of the resonator differing by the running wave directions 
as a single object. 
The analysis of the spatial characteristics of ring resonators usually ends by the values of 
certain parameters of the resonator beam at the mirrors. It is suitable to present each set of such 
values in forms of 2N- dimensional vectors (N is the number of mirrors), for example: 
    O 1 O1 O, ... , ...N Na a a a a a     , 
 ,  (A17)    O 1 O1 O, ... , ...N        N
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 . 
Similar representations are possible for the shifts of the output beams’ axes xC0, y  (27), tilts of 
these axes, etc. The misalignment is defined, correspondingly, via 2N-vectors 
C0 ,   ,  ,z z   that 
are formed by doubling the sets of the misalignment components  1 ... N    and  Nz1 ...z z . 
Such a representation permits in a unified way include both copies of the resonator with opposite 
round-trip directions. The linear relation of the quantities  ,  d dz   with the misalignment 
parameters is expressed by block matrices of the following form: 
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where 2N-vectors (A17) and vectors of misalignment are represented by columns, zeros stand for 
NN zero blocks and the non-zero blocks are the matrices (28) – (31). The similar relation with 
misalignments exists for the quantities xC0, yC0, (dxC0/dzC), (dyC0/dzC) but because their geometrical 
nature is identical to that of , (d/dz), it is sufficient to demonstrate the effects of symmetry on an 
example of matrices (A18). 
We thus have arrived at considering the objects in 2N-dimensional space: vectors (A17), 
matrices (A18) (some scalars are also of interest, for example, ) which should obey certain 
symmetry-induced regularities ensuing from their geometric nature. 
The symmetry group of a plane figure consists of three classes whose generating elements are 
the unit element E, rotation Cn through an angle 2/n (n ≤ N) and reflection  with respect to an 
axis crossing the rotation axis [29]. In order to determine the limitations imposed upon matrices 
(A18) by the symmetry, we subject both parts of any equality (A18) to a symmetry transformation, 
for example, Cn . As the resonator, after this action, transforms into itself (the structure remains 
unchanged), 
  
O O
nC
 
 
           

 
  ,   nC
 
 
            
 
  . 
Hence, 
  
 
 
 
 1
0 0
0 0n n
a a
C C
b b
        
, (A19) 
which means the invariance of the matrix with respect to transformation Cn. Similar reasoning 
shows that all matrices (A18) are invariant with respect to the rotations. When considering the 
reflections one should notice that the angular quantities  ,  d dz   change their signs whereas 
the linear quantities z ,   do not change. This leads to requirement for matrices  a ,  b ,  c , 
 to be invariant and for matrices  d  a ,  b ,  c ,  d   to inverse the sign upon reflections. 
These requirements induce certain relations between the matrix elements that enable to reduce the 
number of elements to be determined independently. 
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Within the above-specified 2N-dimensional representation, the symmetry elements are also 
represented by block matrices, in each row of which all elements are zeros except one equal to the 
unity. Blocks of the matrices Cn are placed along the main diagonal and are formed from the blocks 
of the unit matrix by means of the circular permutation of rows (or groups of adjacent rows) of the 
unit matrix (the latter case corresponds to rotations combining non-neighbor mirrors, when the 
order of the symmetry axis is lower than the number of mirrors). The non-zero blocks of matrices  
are situated in the upper right and lower left corners while the blocks situated on the main diagonal 
consist of zeros. The non-zero blocks are formed from the unit-matrix blocks by means of mutual 
permutations of those rows that correspond to the mirrors which are mutually replaced upon 
reflections. 
The principle of the symmetry elements’ representation can be easily understood from the 
explicit expressions for the elements of the group of maximal symmetry of a three-mirror resonator 
(the group of equilateral triangle, see Fig. 2a). It includes, except the unity element, rotations C1 by 
120° and C2 by 240° as well as reflections in the three planes crossing the vertices and middle 
points of the opposite sides of the triangle. 
 
 
1 0 0
0 1 0 0
0 0 1
1 0 0
0 0 1 0
0 0 1
E
          
,   ,   , 
 
 
1
0 1 0
0 0 1 0
1 0 0
0 1 0
0 0 0 1
1 0 0
C
          
 
 
2
0 0 1
1 0 0 0
0 1 0
0 0 1
0 1 0 0
0 1 0
C
          
   (A20) 
 
 
1
1 0 0
0 0 0 1
0 1 0
1 0 0
0 0 1 0
0 1 0

          
,   ,    
 
 
2
0 0 1
0 0 1 0
1 0 0
0 0 1
0 1 0 0
1 0 0

          
 
 
3
0 1 0
0 1 0
0 0 1
0 1 0
1 0 0 0
0 0 1

          
0
Now consider which limitations the symmetry imposes on the elements of (A18) for the three-
mirror resonator, e.g., on the matrix 
   
   
0
0
a
b
   
. The invariance with respect to rotations C1 and 
 (A19) gives 12 1C C

  ,   11 22 33a a a    12 23 31a a a    ,   21 13 32a a a    . (A21) 
Obviously, similar relations hold for all other blocks of matrices entering (A18). Relations of the 
type (A21) reduce the total number of independent elements of each 3-row matrix to three. 
Then, substituting the matrix 1 into the equation analogous to (A19) we obtain 
  11 11a b  ,   12 13a b  ,   13 12a b  ; 
  21 31a b  ,   22 33a b  ,   23 32a b  ; (A22) 
  31 21a b  ,   32 23a b  ,   33 22a b  ; 
i.e. the symmetry with respect to reflections generates links between the matrices describing the 
forward and backward wave characteristics. The similar relations connect the elements of matrices 
 and ,   and ,   and  c  d a  b c  d  .  
The cases of (A21) and (A22) exhaust the set of variants of incomplete symmetry for the three-
mirror resonator. Any other combination of the symmetry elements is equivalent to the full 
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symmetry including all the elements of the group (A20). Combining (A21) and (A22) we deduce 
that in case of complete symmetry 
  11 22 33 11 22 33a a a b b b          , 
  12 23 31 13 32 21a a a b b b          , (A23) 
  21 13 32 31 12 23a a a b b b          , 
 a ,  band a ents of the matrices mong all elem  only three are independent. Similar equations, 
with account for the sign reversal in relations connecting  a  and  b ,  c  and  d  , take place for 
other matrices of (A18).  
The results of this Appendix are rather elementary but not trivial, and their derivation without 
the symmetry analysis would be difficult. Their value is especially remarkable because they are 
based only on the linear relation between the beam parameters and misalignments, and are thus free 
from many strong limitations of the accepted model. One could hope that inevitable deviations from 
the lens-like approximation will affect the relations (A21) – (A23) to a significantly less degree than 
the particular values of the matrix elements. However, even within the frame of the lens-like model, 
they can be suitable for consideration of more complicated situations. In particular, equalities of the 
same type are valid for matrices that describe the behavior of the output beams’ axes, xC0, in case of 
complex lens-like inhomogeneity ( 2 0k   ). 
Appendix 4. Relations for the ty r emp ing resonator 
In the case of empty resonator, the medium is homogeneous in all arms. Application of Eq. (17) 
to each arm gives 
  OdO
O
l
dx  
        ,   
Od d
Odx dx 
   

       
 (A24) 
whe  accept the values 1, 2, 3, and  follows  in the order o
(A24), in addition to (36) – (41), the equalities are obtained 

re  and f circular permutation. From 
  1 3a b   ,   2 1a b   ,   3 2a b   ; 
  c d1 3   ,   c d2 1   ,   c3 2d   . (A25) 
Besides, du spe  pe to the resonator symmetry with re ct to the lane crossing the center of the 
sphe or (the vertical attitude of the triangle, . 2), the
Com
rical mirr  Fig  relations of the type (A22) hold. 
bining them with equalities (36) – (41) and (A24), (A25), the general form of the sought 
matrices is derived practically without algebra. The four residual quantities can be easily 
determined from Eqs. (35) and (A24), if we assign zero values to all the misalignment parameters 
except that one whose influence is characterized by the sought matrix element. 
For the case (b) of Sec. 4, in (A24) one pair of equations changes 
 O3 O 2 cos sinl ldxO 2
1 d         ,   
  Od d 
O2 sin ldx O3 2
cos l
dx
            . (A26) 
The two first columns of (A25) remain va ell as the symmetry consequences 
The case (c) differs from (b) only by that in Eqs. (A24) – (A26) the subscripts are exchanged 
  
lid as w (A22).  
32, 21, and the symmetry relations (A22) do not hold. 
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